We calculate superfluid density for a dirty d-wave superconductor. The effects of impurity scattering are treated within the self-consistent t-matrix approximation, in weak-coupling BCS theory. Working from a realistic tight-binding parameterization of the Fermi surface, we find a superfluid density that is both correlated with Tc and linear in temperature, in good correspondence with recent experiments on overdoped La2−xSrxCuO4.
I. INTRODUCTION
The superfluid density, ρ s , plays a special role in the physics of cuprate superconductors, as it determines the stiffness of the superconducting order parameter to fluctuations in its phase. 1, 2 In most superconductors ρ s is large: phase fluctuations are heavily suppressed and the transition temperature T c is set primarily by the gap energy 2∆ required to break a Cooper pair. Cuprates, on the other hand, have a relatively low carrier density, which limits ρ s and leaves them susceptible to phase fluctuations. As a result, both ∆ and ρ s may influence T c in the cuprates, with phase fluctuations playing an increasingly dominant role as ρ s approaches zero. Experiments support this view: in hole-doped cuprates in the underdoped regime, T c correlates closely with ρ s , [3] [4] [5] [6] [7] whereas there is a large energy gap that extends well into the normal state. [8] [9] [10] In addition, a variety of superconducting fluctuation effects have been observed above T c in underdoped cuprates. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] On the overdoped side the situation is different: T c appears to closely track the energy gap, 9, 10, 23 as it would in a conventional superconductor; and, while the correlation between T c and ρ s remains, [24] [25] [26] [27] [28] [29] [30] the causal relationship between these quantities is far less clear. Complicating the chain of causality is another parameter -disorder -that directly influences ρ s , T c , and ∆ in a d-wave superconductor. [31] [32] [33] [34] [35] [36] One of our main purposes in this paper is to explore the extent to which disorder is an important driver of the relationships between the other three quantities, with particular attention to the case of the overdoped cuprates.
Strong motivation comes from a recent experiment, 30 which provides exhaustive evidence that the superfluid stiffness and the superconducting transition temperature of overdoped La 2−x Sr x CuO 4 approach zero in tandem as a function of doping. The new study reinforces the argument that the close correlation between T c and ρ s is a significant and intrinsic feature of the overdoped cuprates. It also shows that the superfluid density retains an approximately linear temperature dependence over a wide temperature range, as expected for a d-wave superconductor in the clean limit. 30, 37 Together, these observations present a puzzle: on the one hand the superfluid stiffness is expected to correlate with T c in the dirty limit, because the normal-state spectral weight is cut off by the gap, 29, 31, 38, 39 but on the other hand the observed temperature dependence of ρ s appears to exclude this possibility.
To try to resolve this contradiction we have revisited the theoretical relationship between disorder, superfluid density and T c within dirty d-wave BCS theory. [31] [32] [33] In a dirty d-wave superconductor it is well known that strongscattering (unitarity-limit) impurities rapidly induce a crossover from T -linear superfluid density to quadratic behaviour 32,33,36 below a crossover temperature T * that is proportional to the geometric mean of the normalstate impurity scattering rate and the superconducting energy gap. 33 The corresponding loss of superfluid density is of order T * /T c . Therefore, in this limit, any significant loss of superfluid density must be accompanied by a very visible crossover to quadratic behaviour in ρ s (T ). This result is so well known that the argument is frequently run in reverse, with the measured value of T * used to place an upper bound on the degree of superfluid suppression and T c suppression due to impurities. In fact, we will show that the reverse argument breaks down for weak-scattering (Born-limit) disorder, and approximately linear-in-temperature superfluid density can coexist with substantial suppression of superfluid density and T c . We have carried out calculations of superfluid density for realistic, doping-dependent Fermi surfaces based on tight-binding parameterizations of angle-resolved photoemission (ARPES) dispersions for La 2−x Sr x CuO 4 . 40, 41 This turns out to be crucial to carrying out a detailed comparison with ρ s (T ) data on La 2−x Sr x CuO 4 . In the calculations, the effects of disorder on the quasiparticle energies and lifetimes, and on the superconducting energy gap and T c , are calculated using the self-consistent t-matrix approximation, within the weak-coupling limit of d-wave BCS theory. 32, 33 We conclude that it is possible to obtain a superfluid density that is both correlated with T c and linear in temperature.
II. THEORY A. Dirty d-wave superconductivity
The gap equation for a weak-coupling d-wave superconductor can be written in the imaginary-axis formalism as
where ∆ k is the gap parameter at wave-vector k, ω n = 2πT (n + 1 2 ) are the fermionic Matsubara frequencies, V k,k is the pairing interaction, ω 0 is a high frequency cut off, and ... FS denotes an average over the Fermi surface.
In the self-consistent t-matrix approximation, 32, 33 point-like, nonmagnetic impurities renormalize the fermionic Matsubara frequencies according tõ
Here c is the cotangent of the scattering phase shift, Γ is a scattering parameter proportional to the concentration of impurities and
For a d-wave order parameter, which averages to zero over the Fermi surface, there is no explicit impurity renormalization of ∆ k , just an indirect reduction through the effect of the impurities onω n . For simplicity, we assume a separable pairing interaction based on a d-wave form factor Ω k defined in the first Brillouin zone of the two-dimensional CuO 2 planes,
where a is the lattice spacing and Ω k is normalized such that Ω 2 k FS = 1. The pairing interaction therefore takes the form
We will see below that for weak-coupling BCS, where the cut-off frequency of the interaction, ω 0 , is much larger than the superconducting transition temperature, T c , the combined effect of V 0 and ω 0 is captured by the cleanlimit transition temperature, T c0 , so that V 0 and ω 0 do not appear explicitly as parameters in the theory. Introducing a temperature-dependent gap amplitude, ψ(T ), the gap equation becomes
Cancelling common factors, rearranging and reassigning k → k we have
In the absence of disorder the quasiparticle energies are unrenormalized (ω n = ω n ) and the gap vanishes (ψ → 0) at the clean-limit transition temperature, T c0 . Using Ω 2 k FS = 1, we have at this temperature
where the approximation is valid when ω 0 T c0 . This rearranges to give the familiar weak-coupling BCS result
The logarithmic temperature dependence in Eq. 8 can be used to obtain an expression for the coupling constant V 0 that applies at any arbitrary temperature T :
42,43
This allows V 0 to be eliminated from the gap equation, which then takes the form
Rapid convergence lets the Matsubara sum to be taken to infinity, eliminating explicit dependence on ω 0 . For a given choice of Fermi surface and impurity parameters, Eqs. 2 and 11 are solved self consistently to obtainω n (T ) and ψ(T ).
In the presence of disorder the energy gap closes at a reduced transition temperature, T c . For T ≥ T c , N k (ω) → 1 and the t-matrix equation describing the impurity scattering, Eq. 2, simplifies tõ
The imaginary part of the self energy in this limit is denoted Γ N , the normal-state scattering rate due to impurities. Equation 11 can be solved with ψ → 0 and
where ψ 0 (x) is the digamma function.
B. Superfluid density
The zero-temperature, zero-disorder penetration depth, λ 00 , is closely related to the bare plasma frequency, ω p . The corresponding superfluid density is
Here we specialize to a quasi-2D material with layer spacing d and in-plane energy dispersion k . F is the Fermi energy, k = (k x , k y ) is the in-plane momentum and
k is the in-plane velocity. We change Eq. 17 to a Fermi surface integral by transforming coordinates from (k x , k y ) to ( , φ), where φ is the angle in the plane, measured about π a , π a at low hole dopings and (0, 0) at higher dopings. The Jacobian of the transformation is
When the energy and k z integrations are carried out we obtain
where the Fermi wavevector k F and Fermi velocity v F are functions of φ. The Fermi surface average used in the previous section, ... FS , must include the same Jacobian factor:
For calculation of plasma frequency and superfluid density we define a second Fermi surface average, ... FS , that contains the additional factor of v 2 F,x :
For Fermi surfaces that are close to circular these distinctions are usually not important. However, for the overdoped cuprates, the details of the Fermi-surface averages turn out to be crucial to understanding the temperature dependence of superfluid density measured in experiments, and so are given here in full. The finite temperature superfluid density, in the presence of disorder, is most efficiently calculated using a Matsubara sum. 45 Normalized to ρ s00 it is given by
where the effects of disorder are built in via the renormalized Matsubara frequencies and gap. Normalized superfluid density, ρs/ρs00, for a d-wave superconductor with a circular Fermi surface. The degree of scattering is characterized by the normal-state scattering rate, ΓN , in units of the clean limit transition temperature, Tc0, for scatterers acting in the Born limit (c 1) and the unitarity limit (c = 0). The temperature dependence of the gap, ∆(T ), has been calculated self-consistently for each set of impurity parameters, assuming a separable d-wave pairing interaction.
C. Impurity contribution to normal-state resistivity
We use the normal-state impurity scattering rate Γ N to parameterize the amount of scattering in the theory. Motivated by the known types of elastic-scattering disorder in La 2−x Sr x CuO 4 and other cuprates, we allow for two types of defects acting in combination: weak-limit scatterers, parameterized by Γ N,Born , to capture the effect of out-of-plane defects such as Sr dopants; and strongscattering disorder, parameterized by Γ N,unitarity , to represent native defects in the CuO 2 planes, such as Cu vacancies. The combined effect of Born and unitarity-limit scattering is additive in the self energy (Eq. 2). 46 An estimate of the scattering parameters to be used in the model can be made by comparing Γ N with experiment, taking care to note that the experimentally accessible scattering rate (e.g., that observed in an ARPES measurement of inverse lifetime 47 ) is 2Γ N . Keeping this in mind and assuming for now that the momentum relaxation rate is the same as the single-particle scattering rate, the dc resistivity due to impurity scattering will be
Here λ 00 is the zero-temperature penetration depth of a notional system with the same Fermi surface (doping level) that does not contain disorder. It cannot be accessed experimentally but an estimate of λ 00 can be made starting from the measured zero-temperature penetration depth, λ 0 , and then correcting for the degree of superfluid suppression using the T → 0 limit of Eq. 22:
The final form for the residual resistivity is then
We note that this neglects the effects of small-angle scattering, making it an upper bound on resistivity. If known, the small-angle scattering correction can be applied to Eq. 25 as a refinement.
III. COMPARISON WITH EXPERIMENT

A. Isotropic systems
Sufficiently far from half-filling the Fermi surface of a quasi-2D metal is well approximated by a circle, and the d-wave form factor is Ω(φ) ≈ √ 2 cos(2φ). In this limit the angle integrals can be evaluated analytically 48, 49 and the Matsubara sums computed rapidly. Results for the superfluid density are shown in Fig. 1 . The clean-limit curve displays one of the clear hallmarks of d-wave gap nodes: linear behaviour in ρ s (T ). 50 Note that this behaviour emerges only in the asymptotic low-temperature limit -the substantial downwards curvature in ρ s (T ) at higher temperatures is a band-structure effect due, in this case, to the particular choice of a circular Fermi surface.
As discussed above, it is convenient to parameterize the disorder level in terms of normal-state scattering rate Γ N . We see in Fig. 1 that while T c depends only on Γ N /T c0 , the form of ρ s (T ) at lower temperatures is strongly affected by the impurity phase shift. In both the Born (c 1) and unitarity (c = 0) limits there is substantial suppression of the zero-temperature superfluid density but it is only in the unitarity limit that disorder rapidly causes a cross-over to quadratic behaviour in ρ s (T ) at low temperatures. 36 In contrast, it takes a large amount of Born scattering (and subsequent loss of superfluid density) before the low temperature linear behaviour in ρ s (T ) is removed. Figure 1 therefore serves to illustrate that while the observation of T 2 behaviour in ρ s (T ) is a concrete indication that disorder is important, the observation of a linear temperature dependence of ρ s does not guarantee that a material is a clean d-wave superconductor.
B. Overdoped cuprates
The mid-range curvature of ρ s (T ) seen in Fig. 1 is typically not observed in overdoped cuprate superconductors.
37,51-53 To carry out a more detailed comparison with the experiments on La 2−x Sr x CuO 4 requires realistic Fermi surfaces. The calculations presented below are based on next-next-nearest neighbour tight-binding parameterizations of k in La 2−x Sr x CuO 4 , k = 0 − 2t (cos k x a + cos k y a) − 4t cos k x a cos k y a − 2t (cos 2k x a + cos 2k y a) , (26) obtained from fits to ARPES spectra as a function of hole doping. 40 In the ARPES study t = 0.25 eV and t /t = −0.5. t and 0 are parameters that vary with doping, leading to the energy dispersions and Fermi surfaces shown in Fig. 2 . In this model the Fermi surface is defined by k = 0.
To bridge between superfluid density and ARPES measurements we assume the standard parabolic relationship between T c and hole doping p. The specific form used in Ref. 30 is
This maps fairly closely onto the stated Sr concentrations in the ARPES experiment of Ref. 40 , with a slight offset: i.e., x = 0.15 → p = 0.16 and x = 0.22 → p = 0.23. In future, it would be highly informative if ARPES measurements could be carried out on samples similar to those used in the penetration depth measurements, so that details in the electronic structure could be lined up precisely with the doping-dependent superfluid density. In any case, we note that the parameter p is a nominal hole doping, and is only used in the calculations as an internal variable. The doping dependence of the calculated superfluid density shown in Fig. 3 is not sensitive to the detailed mapping onto the ARPES experiment. In particular, the change in Fermi surface topology as the Fermi energy passes through the van Hove point does not appear as a sharp feature in ρ s (p); this is due to the factor of v 2 F,x in the relevant Fermi surface integral, which underweights the parts of the Fermi surface where the dispersion is flat. The only sign of the van Hove crossing is a small cusp in the zero-temperature gap ratio, 2∆ 0 /k B T c , as can be seen in the inset of Fig. 4 . In the current context, the most important consequence of basing the calculations on realistic energy dispersions is the removal of spurious midrange curvature in ρ s (T ).
54,55
C. Disorder level In deciding on the appropriate level of disorder to assume in the calculations, useful guidance comes from dc resistivity. As discussed in Sec. II, the scattering rate relevant to pair-breaking and superfluid density is the elastic scattering rate, which is related to the residual resistivity ρ 0 ≡ ρ(T → 0), not the resistivity at T c . To avoid uncertainties associated with extrapolating resistivity below T c , we assume a single, doping-independent scattering rate in our calculation, as our primary aim is to illustrate the physics contained within dirty d-wave superconductivity. In addition, as mentioned previously, the theoretical resistivity given in Eqs. 23 and 25 does not account for the effects of small-angle scattering, which in the cuprates can cause the momentum relaxation rate, Γ tr , to be substantially smaller than the single-particle relaxation rate, Γ sp . Overdoped Tl 2 Ba 2 CuO 6+δ provides a useful point of reference here, as it is sufficiently clean that quantum oscillation experiments have been performed. [56] [57] [58] This enables the single-particle relaxation rate 57 and momentum relaxation rate 59 to be determined separately, with the result that Γ sp /Γ tr = 1.7.
53
In the absence of quantum oscillation data, we proceed by assuming the same ratio for La 2−x Sr x CuO 4 . This is not unreasonable, as the dominant source of disorder in both systems is out-of-plane cation disorder: in the case of Tl 2 Ba 2 CuO 6+δ , an excess of Cu atoms, oc- cupying Tl sites; 60 and, in La 2−x Sr x CuO 4 , the partial substitution of Sr for La that is an inherent part of its hole-doping mechanism. With these assumptions, and taking a residual resistivity ρ 0 ≈ 16 µΩ cm, we obtain a normal-state scattering rate Γ N ≈ 18 K. In the calculations presented here we partition this between predominantly weak, Born-limit scattering (Γ N,Born = 17 K) with a small amount of strong, unitarity-limit scattering (Γ N,unitarity = 1 K). The inclusion of a small amount of strong-scattering disorder causes a low-temperature crossover to T 2 dependence in ρ s (T ), which is hinted at by the data from Ref. 30 , plotted in Fig. 3(a) . Note that this choice of scattering rate satisfies the conditions for clean-limit superconductivity, Γ tr 2∆ 0 , over most of the doping range. In fact, based on the scattering rate estimates above and the gap values plotted in Fig. 4 , we estimate Γ tr ∼ 2∆ 0 only for T c < 5 K. Nevertheless, there is substantial loss of superfluid density to disorder across the entire doping range, even where the conventional criteria firmly place superconductivity in the clean limit. This points to pair breaking in d-wave superconductors being a process that spreads uncondensed spectral weight over a wide range of sub-gap frequencies.
IV. DISCUSSION
The calculated superfluid density is presented in Fig. 3(b) . In our calculations the underlying Fermi surface follows the doping dependence of the electronic structure measured in the ARPES experiments 40 and is not an adjustable parameter. At each value of the nom- inal hole doping p, the underlying clean-limit transition temperature, T c0 , is set according to Eq. 15 so that T c , the transition temperature in the presence of disorder, matches the mean-field transition temperature, T MF c , inferred by extrapolating the linear regime of the experimental ρ s (T ) curve to zero, as shown in Fig. 3(a) . The doping dependences of T c , T MF c and T c0 are plotted in Fig. 5(a) and the tight-binding parameters used in the calculation are shown in Figs. 5(b) and 5(c). As described in the previous section, the amount of impurity scattering is the only independent parameter in the theory and has been fixed as a function of doping, for the sake of simplicity, as discussed in Sec. III C.
The superfluid density calculated from dirty d-wave BCS theory reproduces many of the features observed in the experiments in Ref. 30 . In particular, ρ s (T ) shows a strong, nearly linear temperature dependence over almost the full doping range, despite the strong suppression of superfluid density caused by the disorder. The correlation between T c and ρ s0 [see inset of Fig. 3(b) ] also reproduces the main features of the experiments, namely the almost linear dependence at higher T c , with finite intercept, crossing over to square-root behaviour at low T c . Indeed, very similar behaviour of T c (ρ s0 ) was found in earlier calculations of superfluid density for Born-limit scattering on a circular Fermi surface (Fig. 4 of Ref. 31) .
One concern might be that the crossover in T c (ρ s0 ) from linear to square-root behaviour does not occur as smoothly in the experimental data as in the theoretical curve. In the idealized form considered in this paper, the dirty d-wave BCS theory assumes spatial homogeneity, whereas there is a body of evidence that real samples of La 2−x Sr x CuO 4 consist of an inhomogeneous mixture of superconducting and metallic regions, with the fraction of metallic regions increasing on overdoping.
28,61
While the samples in Ref. 30 are grown with exquisitely controlled average composition, the doping mechanism in La 2−x Sr x CuO 4 is based on random substitution of cations and inhomogeneity must always become relevant when approaching the overdoped phase boundary. In addition, the technique used to characterize inhomogeneity in Ref. 30 (measurement of the temperature width of the out-of-phase susceptibility near T c ) is not a good probe of in-plane microscopic inhomogeneity, as the superconducting coherence length diverges at T c , averaging over short-length-scale inhomogeneity. For an inhomogeneous superconductor the electrodynamic response can be modelled using effective medium theory of the conductivity.
62,63 This is described in Appendix A, where the macroscopic superfluid density is shown to simply be a scaled version of the microscopic superfluid density in the superconducting regions. The effect of this type of inhomogeneity would be to distort the theoretical T c (ρ s0 ) curve to the left as the inhomogeneous regime is entered, which may explain the kink at low ρ s0 that appears in the experimental curve [see inset of Fig. 3(a) ].
Another possible concern is the degree of superfluid suppression predicted by the calculations, which at first sight appears surprising large. We emphasize again that the disorder level assumed in the calculation corresponds closely to the observed resistivity, and is really the only adjustable parameter in the model. Here, a useful cross-check comes again from comparison with overdoped Tl 2 Ba 2 CuO 6+δ , where for T c ≈ 25 K material the degree of superfluid suppression, ρ s0 /ρ s00 , is estimated to lie in the range 0.25 to 0.4, 53 despite overdoped Tl 2 Ba 2 CuO 6+δ having a residual resistivity 59 less than half that of La 2−x Sr x CuO 4 .
Finally, while the main purpose of our calculation is to illustrate the qualitative features contained within dirty d-wave superconductivity, it is interesting that the implied clean-limit transition temperatures, T c0 , are large and have a suggestive similarity to the temperatures at which the first experimental signatures of superconductivity are observed in properties such as magnetoresistance. 19 The mean-field model considered here does not include fluctuation effects, which are known to be important in the cuprates [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] and are probably responsible for the downturns in the experimentally observed ρ s (T ) on the approach to T c . 64 Nevertheless, one way in which the underlying T c0 might become visible in experiments would be as rare regions in which the local disorder level is lower than average. The overall implication is that disorder not only plays a role in limiting superfluid density in the overdoped cuprates, but in suppressing the transition temperature. This suggests that it may be possible to enhance T c , as well as the doping range over which superconductivity occurs, by controlled engineering of disorder in these materials.
V. CONCLUSIONS
In conclusion, we find that dirty d-wave BCS theory, applied to a realistic parameterization of the dopingdependent Fermi surface, reproduces most of the phenomenology of the superfluid density in overdoped La 2−x Sr x CuO 4 .
30 A strong suppression of superfluid density is achieved without introducing significant curvature in ρ s (T ) by considering predominantly weak, Born-limit scattering, at a disorder level compatible with the observed resistivity, and in a regime that firmly satisfies the conventional definition of clean-limit superconductivity, Γ tr 2∆ 0 . We conclude that the correlation between T c and ρ s observed in the overdoped cuprates is a generic feature of a disordered d-wave superconductor.
